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Abstract 



In dimension n = 3, we prove that the singular set of any stationary solution to 
the Liouville equation —An = e", which belongs to W^''^, has Hausdorff dimension 
at most 1. 

1 Introduction 

The regularity theory for nonlinear elliptic equations has a long history. It is beyond the 
scope of the present work to describe even part of it and we better refer the reader chapter 
14 in [16] for a presentation of this theory and further references. 

Typical examples of nonlinear elliptic problems under study are the semilinear elliptic 
problems of the form 



where the function u is defined on some open subset of FT', L is a linear elliptic operator 
of order m and where the nonlinear operator / involves derivatives of u up to order m — 1 . 

Once we fixe the dimension n of the underlying space and the function space V, to 
which the solution u is assumed to belong, equations like ([I]) can be classified in three 
categories : the sub-critical, critical and super-critical equations. 

These three categories of equations (which depend on the choice of n and V) are 
characterized as follows. Starting from the fact that u belongs to V, one can estimate the 
nonlinear part f{x, u, . . . , V^~^u), if in addition m is a solution to ([T]), this implies that 
Lu belongs to some function space W (which is usually larger than the space V itself) . 
Sub-critical (respectively super-critical) equations, are the one for which the information 
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Lu G W implies, through elhptic regularity theory, that u belongs to a function space 
which is strictly smaller (respectively strictly larger) and which has different homogeneities 
than the original V . In turn, critical equations are the one which are neither sub-critical 
nor supercritical in the above sense . 

It is well known that solutions to subcritical equations of the form ([1]) for a smooth 
/ and smooth L are in fact smooth. This is a consequence of the standard bootstrap 
argument . In contrast with the subcritical situation, solutions to a given critical equation 
either can all be proven to be smooth or can have non trivial singular sets (that is, non 
removable singularities). These results then depend on the nature of the nonlinearity /. 

For example, in dimension n = 2, when V = VF^'^(i?^, M), the equation 

-An = |Vnp (2) 

is critical. Indeed, plugging the information u G W^'^lB"^, M) into f(Vu) = |Vttp, one 
obtains that Au G which itself implies that Vu is inL^'°°, the weak— space, which 
has the same homogeneity as L^. Thus, in a some sense, we are back to the initial 
situation and this shows that the equation is critical. Observe that this critical equation, 
when n = 2 and V = W'^''^{B'^, M), admits singular solutions such as log log-. 
In contrast to the above situation, one can consider the equation 

— Au = Ux A Uy (3) 

which is again critical in dimension n = 2 when V = W^'^^B"^ , IR^), but this time any 
solution can be shown to be smooth (see for instance [8j). 

Finally, in dimension n = 3 and when V = W^''^{B^, IR^), this equation is super-critical 
and the existence result of T. Riviere [12] of everywhere discontinuous harmonic maps in 
W^''^{B^, S"^) has annihilated all hope of having a partial regularity result for solution to 
this super-critical semilinear equation. 

When the equation has a variational structure, namely when the equation is the Euler- 
Lagrange equation of a functional, it makes sense to restrict our attention to the subspace 
of solutions which are stationary. That is, one considers the critical points to the func- 
tional which are also critical with respect to perturbations of the domain (see Definition 
11.11 below and see also [H]). A consequence of this stationarity assumption is that the 
solution satisfies an identity (which is in fact a conservation law) which, in the most 
studied cases, can be converted into a monotonicity formula. In most of the cases which 
have been studied so far, this monotonicity formula implies that the solution u belongs 
to some Morrey type space A4, which is much smaller than the original space V. In the 
good cases, replacing V by makes the problem critical and this allows one to obtain a 
partial regularity result for the stationary solutions (see for instance [8], [3] for harmonic 
maps, and [TT] when the nonlinearity is with a greater than the critical exponent ) . 

The aim of this paper is to present an alternative approach to the partial regularity 
theory when the stationary assumption cannot be converted in a monotonicity formula. 
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We illustrate this method by applying it to the famous Liouville equation in dimension 

n = 3 

-An = e" infi. (4) 

Throughout the paper, fl C denotes an open set, m is a scalar function and 
Vu and V^u denote respectively the gradient and Hessian matrix of u. In dimension 
n = 2, the geometric meaning of equation (jlj) is well known and it corresponds to the 
problem of finding metrics g, which are conformally equivalent to the flat metric, and 
which have constant Gauss curvature. In dimension n > 3, equation (jlj) arises in the 
modeling of several physical phenomena such as the theory of isothermal gas sphere and 
gas combustion . 

A function u is said to be a weak solution of (jll) in if for all f G C^{Q) it satisfies 

uAifidx = / e^ipdx . (5) 
n Jn 

We now recall the definition of stationary solution. 

Definition 1.1 A weak solution of ^ is said to be stationary if it satisfies 

^^E{u{x + tX)X^, = 0, (6) 
for all smooth vector fields X with compact support in Q, where 

E{u) = ]- [ \\/u\'^dx- [ e'^dx. 

Computing for weak solutions in W^'^{Q) we find that for any smooth vector field X 
the following identity holds 



du du dX^ 1,„ ^,dX' BX' 



dxi dxk dxi 2 dxi dxi 



= , (7) 



This identity can be also understood as a conservation law (see again [8]). 
Arguing as in [7], we insert in (JTj) the vector field X^ = xip^{\x\) where 

if s < r 

if r < s < r + r5 
if s > r . 

After some calculations, we let 5 — > and deduce that, for almost every r > 0, the 
following formula holds 

[hvu\^ - 3e'')dx = I [ \VTu\^dx-l- [ \^\^dx- f e'^dx . (8) 
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This can also be written as follows 

- f (|VnP-6e")rfx 

Unlike the cases of stationary solutions to super-critical semilinear equations which have 
mainly be considered so far, the formula ([8]) does not seem to provide any monotonicity in- 
formation, any uniform bound neither for the term - f □ , ^ \Vu\'^dx nor for - f □ . s e^dx . 
As already mentioned, the main contribution of the present work is to present an alter- 
native approach to the partial regularity theory in abscence of Monotonicity and Morrey 
type estimates. Our approach is inspired by the technique introduced by Fang-Hua Lin 
and Tristan Riviere in [L0\ in the context of Ginzburg-Landau equations. This technique 
based on some kind of dimension reduction argument. More precisely, applying Fubini's 
Theorem one first extracts "good" 2 dimensional slices to get estimates of the some suit- 
able quantities, then one restricts these quantities to these slices (whose dimension is 
such that the non-linearity becomes critical for VF^'^) and obtain some estimates in 
interpolation spaces : the Lorentz spaces — L^'^. Finally, the stationarity condition 
(IH]) can be used to "propagate" these estimates from the slices (basically the boundary of 
balls) into the domain bounded by the slices (the balls themseves). 
Now we state our main result. 



= - / &'dx-- [ e^dx. (9) 



Theorem 1.1 Assume that u G VF^'^(i7) is a stationary solution of such that e" G 
L^iyt). Then there exists an open set O dVt such that 

u G C"^(C) and Hdimiyi \0)<l 

where Tidim denotes the dimensional Hausdorff measure . 

It is an open question whether such a partial regularity result is optimal or not (the 
same question holds for instance also for stationary harmonic maps). What is known is 
that stationary solutions to (jl]) can have singularities. Indeed the function u{x) = log( j^) 
satisfies —Au = e" but is not bounded . 

Our approach and the above result should also hold for the more general class of 
equations of the form —Au = V{x)e'^ where V{x) is some smooth given potential. For the 
sake of simplicity, we have chosen to focus our attention on the case where y = 1 in order 
to the keep the technicalities as low as possible and make the paper more "readable". 
We recall that, in dimension n = 2, the regularity of weak solutions to the equation 
@, starting from the hypothesis that u is in W^'"^ , is a straighforward consequence of 
the Moser-Trudinger inequality (see [6] ). Still in dimension n = 2, a estimate for 
solutions in L^{Q) to the equation (jl]), starting from the hypothesis that e" G L^{Q) , 
has been obtained by Brezis & Merle [2]. Finally, in [Ij the authors prove some a priori 
estimates for solutions of (jl]) in any dimension but under the stronger assumption e" is 
in some ad-hoc Morrey Space which makes the problem critical. 
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2 Preliminary Estimates of the Energy 



In this Section we are going to prove some preliminary estimates. 

We first introduce some notations and recall the definition of Hausforff measure. 

For xo G fi, r > we will denote by Br^^o or simply by Br the ball B{xo, r) centered 
at xq and with radius r. Given A C IB? we denote by \A\ its Lebegue measure and by 
W^A) its s dimensional Hausdorff measure. 

We recall (see e.g the definition of the s- dimensional Hausforff measure W in iR", 
with < s < n . For any (5 > and for any A C iR" we set 

ni{A) = iniiY^WsTt : A C U,fi,,. n < 5, 

i 

where Ws = y(i^s/2) ^^"^ infimum is taken over all contable collections of ball {Br-} 
covering the set A and having radii r < 6 . The s-dimensional Hausdorff measure is then 
defined as 

n'iA) = \imntiA). 
Given xq G i7 and < r < (i(xo, dVt) we introduce the following energy 

Sr,xo{u) = - \Vu\'^dx + - d'dx. (10) 



J Br J B. 

and set 



Mxo.r := TK^ r / u{y)dy, 

The key result to prove Theorem 11.11 is the following assertion about the energy fIlOp . 

Theorem 2.1 There exist constants ?7, /3 G (0, 1) such that for every Xq & Q and < r < 
d{xo, dQ), 

£r,xo{u) < f] and {u)r,xo^r,xo{u) < T) (11) 

imply 

for all y in a neighborhood of xq for all s < r, and for some C depending on r and 
independent on y,s . 

In order to prove Theorem 12.11 we need to give some definitions and to show a series 
of preliminary results . 

We start with recalling the definition of the weak space (or Marcinkievicz space 
L2'°°) , (see [13]). 

The space L'^'°°{Q) is defined as the space of functions f : Q ^ IR such that 

supA|{x : \ f\{x) > A}|^/2 < 
AeiR 
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The dual space of L^'°°(n) is the Lorentz space L^'^(f2) whose norm is equivalent 

/■oo 

||/||2,i^ / 2\{x : \f\{x) > s}\ds . 
Jo 

In dimension 2 we have the following property : W^'^{Q) continuously embedds in L^'^(n) , 
(see e.g [H El [15] ) . 

We next recall a result proved by Lin & Riviere in pO] in the framework of Ginzurg- 
Landau functional, which will play a crucial role in getting estimates of the energy ffTUj) . 



Lemma 2.1 (Choice of a "good" slice)[Lemma A. 2, [10]] For any g G L^{Bi), if we 
denote 

J Bi \y -^i 

then for every 5 > there exists a subset Es C (0, 1) and \Es\ > 1 — S such that for all 
p E Es we have 

\\f\\L^-°°{dBp) < Cs\\g\\L^{Bi) ' 

where Cg depends only on 6 . 

Since e", | Vtip are in L^{Q), we will suppose in the sequel without restriction that 



/ (e" + iViiHdx < +CX) . 

JdBr 



We decompose u — {u)xo,r as the sum of two functions solving to different Dirichlet Prob- 
lems. More presisely we write u — {u)xo,r = v + w, with v and w satisfying respectively 

-Af = e"* in Br . . 

v = on dBr] ^ ' 

-Aw = in Br , . 

w = u — {u)xo,r on dBr 

In the next two subsections we estimate — (' e^dx and — I'Vul'^dx in function of 

pr JBpr pr JBpr ' ' 

the energy Er^^o i.^) ; by using specific properties satisfied by v and w . 



2.1 Estimates of 

In this subsection we are going to estimate ^ e^dx in function of the energy Er^xQ {u) . 
More precisely we prove the following Theorem. 
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Theorem 2.2 For all a e (0, 1), there exist constants rj e (0, 1), < pi < p2 < 1 such 
that 

£r,xo{u)<V, (14) 

implies 

— / e'^dx < aSr,xo{u) , (15) 

for every p e [pi,P2] • 

Proof. Wc split the proof in several steps. 
Step 1. We start by estimating e^ . 

Lemma 2.2 The function uj — e^ satisfies 

— I e'^dxKp^- I e'^dx. (16) 

P'" JBpr J Br 

Proof. We observe that e"^ is subharmonic 

-Ae"' = -iVu'pe'" < 0. 

A well known fact of sub-harmonic functions is that their mean value on a ball is a 
nonincreasing function with respect to radius of the ball, namely the following holds for 
every p e (0, 1) 

^— [ e'^dx < i / e'^dx . 

\Bpr\ JBpr 

This clearly implies 



\Bpr\ JBpr \^r\ J Br 



e'^dx<p^- I e'^dx, 

and we conclude . □ 
Step 2. 

Proposition 2.1 For all p e (0, 1) and x,y e B^r we have 

\w{x) - w{y)\ < Cr}^'^{2pr) , 

for some C depending only on the dimension of the space . 
Proof. We set Wr — w{rx + xq) — {u)r,xo7 '^r satisfies 



—Awj. = in i?i 

Wr = Ur — {u)r,xa On dBi . 



(17) 
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Standard elliptic estimates and Poincafe-Wirtinger Inequality imply that for all p G (0, 1) 
and for foer C > 



\Wr\\c\Bp) <C{ {Ur - {u)r,ccoY dx)^^^ < C\\VUr\ 

JdBi 



Thus for every x,y E Bpr we have 

\w{x) — w{y)\'^ < C\x — yl"^ / |V'u(2;)| '^dz<C\x~y\^ I \Vu{z)\^dz (18) 

From the assumption (HM on the energy it follows that 

\w{x) - w{y)\ < C{2pr)ri^/^, (19) 
and we can conclude. □ 
Proposition 2.2 The function v satisfies 

(^^ J v\x)dx^ ' <Cr]. 
Proof of Proposition 12.21 We recall that 

v{x) = I e''^y^Gix,y)dy, 
where G[x^ y) is the Green function on the ball which satisfies 

\G{x,y)\<C-^ and |V,.G(x, y)| < ^ 



\x — y\ \x — y\ 



(see e.g. [S]). 
Thus 

1/2 



[ v\rx)dx) < Cr" f e'^^'^'^dx 

J Bi J JBi 



By a change of variable we get 



1/2 

v^{x)dx ] <C- I e'^dx . 

Br 



(20) 



(21) 



By applying assumption (|T4l) we get ( l20l) and we conclude . □ 

□ 

Step 3. From Proposition 12.21 it follows 

{\{xeBpr-v> I ??)'/' < Cr^r^/^ (22) 
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\{x eBpr:v> ?7^/2|| < C7]^/^r^ = C7]^/^^{prf . (23) 

Now take A > (that we will determine later) and we set 

Ij := {x : v{x) < 77} , 
Ji := {x : v{x) > A} , 
Il, = {x: v'^' < v{x) < X} . 



The following estimates holds. 



Thus 



If If 

- / ve^dx = - v{—Av)dx 

J Br J Br 



e'^dx < -\ I \Vu\^dx (24) 



Bornil 



pri ' " iJpri 1-1;^ 

1 / ,2 



< — - / \Vu\^dx^ 
prX 



We also have 



e"dx < e^'^'— / e'"dx. (25) 

^Sprn/l JBpr 



By Proposition 12.21 estimate ( 123|) and the fact that e"''^°^ < j^— j- e'^'^^^dx, we get 



pr JBpnil^ Pr Jij,.n/|,^ pr Jij,.n/|,^ 



< Ce^e^^'^'r/i/^^- / e^'dx . (26) 



P'^ JBp 
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By combining the above estimates (jMl) . ( ]25l) and (]26l) we finally get 
^ e'^dx = — [ e'^dx + — I e'^dx 



Pr JBprnil^ 

< e"'^'— [ e'"dx + ^ [ iVul^dx 

Pr JBpr P^^ JBpr 

P^ pr JBpr 

< e^"'"p'-! e^dx + ^-l \Vu\''dx 

r J Br P^ r J Br 



+ Ce\'"^"'"r^^'\- [ e^dx 

r J Br 

[Ce^eC,V2^i/2^^^2g,V2jl C ^^^^ 

r J Br 



+ \- [ \Vu\^dx 

P^ r J Br 

Now we fix the interval [pi, P2] where we make p vary, and constants A, 77 . 
We consider any < a << 1. We first choose p such that 

n a 
ep < — . 
^ 3 

Thus we take pi, p2 satsfying < pi < p2 < ■ Then we choose A large enough so that 

1 a 

< 



PiA 3 

and finally we choose 77 small enough so that 

We observe that e^dx < e^dx , being v nonnegative by the Maximum Principle. 
Thus with these choices of the constants pi, p2, 77 and A we obtain 

pr JBpr r J Br r J B^ 

for all p G [pi,P2] • Thus we can conclude. □ 
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2.2 Estimate of Vw 

In this subsection we are going to estimate ^ /g \Wu\^dx in function of Er^xoiu), for 
p G [pi, P2] ^ (0,1) Pi,P2 being the constants determined in Theorem 12.21 . 

Theorem 2.3 (Estimate gradient of u) For almost every p G [pi,P2] we have 

JBpr 



(27) 



for some C > and < 7 < 1 independent on r . 

Proof. We spht the proof in several steps. 

Step 1. We start by showing that Vf and Vw are orthogonal in . 

Lemma 2.3 The following estimate holds 

\Vu\^dx= I \S/v\^dx+ I \S/w\^dx . 
Proof. Let z/(x) denote the exterior normal versor to dBr at the point x G dBr- We have 

Vu ■ Vvdx = / vVw ■ u — vAw = . 

Br ^ OBr ^ Br 



□ 



Step 2. Estimate of Vw. 
Proposition 2.3 For every p G (0, 1) we have 

— [ \Vw\^dx < p^- f \Vw\^dx. (28) 

'"P J Bpr ^ J Br 

Proof. We observe that w G C°°{Br) and uj = |Viyp satisfies 

-Auj{x) < 0, in Br . 

The conclusion follows as Lemma [2.21 . □ 
Step 3. Estimate of Vf . We start by showing some intermediate estimates. 

Proposition 2.4 For some C > (independent on r) we have 

I \Av\\og{2 + \Av\)dx < C{! (e^(^) + |VM(a:)|2(ix+ (m)+^ / e^^^^dx) . (29) 

J Br •-' Br " Br 
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Proof of Proposition 12. 4L We have 



\Av\\og{2 + \Av\)dx = / e"log(2 + e")cix 

Br ^ Br 



< C I e"(l + w+)(ix (30) 

J Br 

< C[f e'^dx + f e'^dx 

J Br Br 
J Br Bf 



We estimate the two last terms of (l30D. 



e^v^dx = I —Avv^dx = I \Vv'^dx 

Bf J Br " B-p 



< / \Vu\^dx. (31) 



Br 



e^w dx = / ~Avw dx 

Br •-' Br 



/ div{\/vw^)dx+ / Vv-'Vw'^ 

t/ Br 'J Br 



—w^dx 



< 2/ \Vv\'^dx + 2 [{u~ {u)r,xoy]'^dx 

JdBr JdBr 

< 2 / \Vv\'^dx + 2 / iV^l^rfx. 

JdBr JdBr 



< 4 / iVwprfx (32) 
In the estimate (l32l) we use the fact that f G H^{dBr) , being u,w E W^''^{dBr) and thus 



JBr 
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' Br 



By combining (|30l). (|3T1). (I32l) we get 

f \Av\logi2 + \Av\)dx < C[f e"dx + (u)+, / 

+ 5 / |Vw|^dx] 

\ »/ Bj- / 

Thus we can conclude. □ 
Corollary 2.1 PFe have V^-u G L^{Br) and 

\t/ J Br / 

Proof. Calderon-Zygmund theory (see e.g. [H]) yields that if Jg | Af | log(2 + | Af < 
+00 then V^^7 G /.^(S^) and 

||V2t;|Ui(B0 < C / |Av|log(2+ |At;|)(ia;. 

Thus the result follows directly from Proposition 12.41 and we conclude . □ 
We can now use Lemma [2. II to prove the following result. 

Proposition 2.5 For every (5 > small enough, there exists a subset Es C [pi,p2] and 
\Es\ > P2 — Pi — S such that for all p E Es we have 

1 1 Vt;| 1^2,00(95^,.) <Cs e'^^'^^dx, 

J Bf 

where depends only on 5 . 

Proof of Proposition 12. 5L As we observe in Proposition 12.21 we can write 

v{x) = [ e''^y^G{x,y)dy, 



Br 



where G{x, y) is the Green function on Bj. . Since \VxG{x, y)\ < C ^^}^^2 we have 



e"{j/) 

\^v(x)\ < C / . r^^dy 



I Br \x-y\ 

Lemma [2TT] yields that for every 5 > there exists a subset Es C [pi,p2] and \Es\ > 
P2 ~ Pi — ^ such that for all p E Es v/e have 

\\^v\\L2,^(aB,r) <Cs e^'^'^Ux, 

J Br 

and we conclude . □ 
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Proposition 2.6 For every 6 > there exists a subset Es C [pi,p2] and \Es\ > P2 — P1—S 
such that for almost every p ^ Es we have 

I dBpr 

with C depending on 6 and the dimension . 

Proof. Since V'^v G V-{Bj) by Fubini Theorem for almost every p G [0,1] we have 
V^w G L}{dBfyr). By the embedding of the space W^'^{dBpr) into L'^'^{dBpr) we have 
Vv G L^'^{dBpr) as well and the following estimate holds 



\\^v\\L2.i(aB,r) < C'||V\||Li(aBp,) 

^ ^ J Br 

Now by using the duality between L^'°° and L^'^ and Proposition 12.51 , we get 

Vv\'^dx < \\Vv\\L2.o.^dBpr)\\'^1j\\L^'HdBpr) 

dBpr 

< Cif (e" + |VMpda;))(^,,,oW + Mrt.-o- / e^^'^dx) 

t/ Br ^ J Bj- 

< C£r,xo{u){£r,xo{u) + {u)^^^^£r,xo{u)) ■ □ 

Step 4. From Proposition 12.31 and Fubini Theorem it follows that for almost every 
pG(0,l) 

\Vw\'^dx < — I \Vw\'^dx. 

jr j-^r 

Thus for almost every p & Es {Es is as in Proposition 12. 6p we have 
Vul'^dx < 2 / \Vu)\'^dx + 2 / \Vv\'^dx 

dBpr ^ dBpr 'J dBpr 

< 2— [ \\/w\'^dx 

^ J Br 

+ C{£r,xo{u)){£r,xoiu) + /r,xo («) ) • 
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By applying formula ([H]) to in the ball Bpr and Theorem 12.21 we obtain the following 
estimate for almost every p E E5 [pi, P2] 

\Vu?dx < I \Vu?dx + — / e'^dx 



Pf JBpr JdBpr J Bp 



+ — / e"(ix 



< 



pr J Bp,. 
+ Qa£r,xoiu) 

< (2p^ + Qa)£r,XQ{u) + 2C£r,xo{u){£r,xo{u) + {u)'^,xo^r,xo{u)) 

where a is the constant appearing in Theorem 12. 21 . We remark that we can always choose 
p2 and a in Theorem 12.21 in such a way that 2p^ + 60; < 7 < 1 . Thus we can conclude the 
proof of Theorem 12.31 . □ 



3 Proofs of Theorem 2.1 and Theorem 1.1 



In this Section we give the proof of Theorem 12.11 and Theorem 11.11 . We start by giving 
an estimate of the mean value {u)r^xo- 

Lemma 3.1 For all < r < s < 1 the following estimate holds 

{u)r,xo < {u)s,xo + - I e^'^'-'^dx 

^ J Br 
f pu{x) 

- / I -dx. (33) 

JBs\Br F ~ ^o| 

Proof. One can check that in the sense of distribution the following estimate holds. 

|:(«)n^o = -y, e<^^dx < (34) 
Integrating (IMl) between r and s we get 

{u)r,x, = {u)s,x, + - [ e^^^^dx - - [ e<^'^dx 



r J Br ^ JB. 



qU{x) 

+ / -j - dx . 

Bs\Br F ~ ^ol 



(35) 
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and we conclude . Dpar Proof of Theorem 12. IL We split the proof in several steps. 

Step 1. By combining Theorem 12.21 and Theorem 12.31 we can find p G [pi,P2] (inde- 
pendent on r) such that 

^pr,xo{u) < 7^r,xo{u) (36) 
+ CSr,xo{u) {Sr,xo{u) + {u)t,xo^r,xo{u)) ■ (37) 

Indeed we observe that up to choosing 7^,7 and pi,p2 smaller, the constant pi always 
satisfies ( l36l) . 

We set Tj = p'r, aj = £rj,xo{u) and Uj = {u)rj,xo ■ First of all we have 

Uj < Uo + — 1 e'^dx (38) 



k=0 
j 



dx 

3 



2 ^ 

T ^ — ^ 

fc=0 



By plugging (138|) in (l36l) we get 



/ 2 \ 

Oj+i < ")aj + Caj j ttj + ttjUQ H o-jC^cik) I (39) 

The recursive formula (IHUjl implies that if rj is small enough then 

for some < /5 < 1 We deduce that for all < s < r we have 

Ss,x,{u)<Cs'' , 

with < < 1 and C is a positive constant that may depend on r . 
Step 2. Claim: The maps 

X (0, 1] iR (Xo, r) £^r,a;o(M) 

and 

Vt X (0, 1] M, {xo, r) ^ {u)r,xo 

are continuous. 

Proof of the claim. The continuity of (xo,r) i— > £r,xo{u) follows from the fact that 
e" and |VmP are in L^{VL) . 
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The continuity of the map xq t— > {u)r,xo follows from the fact it can be represented as 
the composition of the following three continuous maps. 
The first map is : — ^> W^''^{Brfi), Xq h-* u{x — Xq); 
The second map is the trace operator: 

The third one is the bounded linear operator 

H^/\dBr,o) ^R, [ wdx . 

Finally we use the fact that for < r < 1 we have 

f J Br J B^ 

r 

+ / I -dx. (40) 

J Bi\Br \^ ~ 

Since the right hand side of (l40l) is continuous with respect to (r, xq) G (0, 1] x fi, we 
conclude that (r, xq) i— *• (w)r,xo is continuous as well. 

Step 4. By the continuity of (x,r) t— > £r,x{u) and (a;,r) ^ {u)r^x "we can conclude 
that up to the choice of a smaller 77, we can find e > such that for all y G -Be,xo and for 
s G (r — £, r + e) we have 

Ss,y{u) < 77, and {u)s,ySs,y{u) < 77. 
Finally by Theorem 12.21 Theorem 12.31 and Step 1 we get 

for all y G B^^xq for s < sq, sq being a constant independent on y (actually by changing 
C we could choose sq = r). Thus we can conclude the proof of Theorem 12.11 . □ 

Proof of Theorem [im Set 

O = {x E Q : £r,x{u) < T] and {u),r^x£r,x{u) < T] 

for some < r < dist{x, Q)} . 

From Theorem 12.11 it follows that O is open. Moreover u G C^/^((9), (see e.g. Giaquinta 
[5]), and routine elliptic regularity theory then proves that u G C°°{0) . 
We set 

Ai = {x E Q : Sr^x{u) > rj for all < r < dist{x, Q)} 
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and 

A2 = {x & Q : {u)r^xSr,x{u) > 1] for all < r < dist{x, fl)} . 

We have 

V = 0' = A1UA2. 

Next we show that n\Ai) = and 7^^+"(A2) =0 for any a > . 
1. T-C^{Ai) = 0: let x & Ai. By definitfon we have 

> V (41) 

for all < r < dist{x, Q) . Now fix 5 > and set 

^ = {Br,x ■ X e Ai, < r < 6, Br,x ^ ^, 
and / \'Vu\'^ + e^dx > r]r} 

By Vitali-Besicovitch Covering Theorem (see for instance Pj), we can find an at most 
contable family of points (xQ)jg/, Xq G Ai and < Vi < S such that i?ri(a^o) ^ ^ 
Ai C Ui^jBrX^o) ■ Moreover every x G Ai is contained in at most balls, being a 
number depending only on the dimension of the space . 
The following estimates holds 

V^ri<J2 |VM|^ + e"(ix. (42) 

i&i iei "'■S^iK) 



J2 [ |Vn|2 + e"dx < [Y,^B.-i^',){xK\Vu\' + endx (43) 

< N [ (|VMp + e")(ix <C, 

J{x: d{x,Ai)<5} 

where C > is a constant independent on 5. 

By combining (jlS) and (j43]) and letting 5 ^ we get that H^{Ai) = 0. 

2. 7^i+"(A2) = 0. 

Let a; G By definition 

{u)r,x£r,xi^) > V (44) 

for all < r < dist{x, Q) . 

Jensen's Inequality implies that 

e^"^--'^ < [ e'^dx . 
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Thus 

{u)r,. < -C\og{r^). 

Thefore if x G then for all < r < we have —C log{r'^)Sr^x{u) > rj . 
Now fix 5 e (0, 1). We have A2 C J^ga B5,x ■ 

By Vitali's Covering Theorem there exists a countable number of disjoint balls -855,3;. 
Xi & A2, i E I such that 

We have 

I {e"" + \Vu\^)dx > J2 [ {e"" + \Vu\^)dx 



i&I 



This implies that for all < 6* < 1 ^jg/(55)^ < +cxd, hence by definition 7idim(^2) < 1 • 
It follows that TCdimiV) < 1 and we conclude . □ 
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